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ON AUTOMORPHISMS OF MARKOV CHAINS

WOLFGANG KRIEGER, BRIAN MARCUS AND SELIM TUNCEL

ABSTRACT. We prove several theorems about automorphisms of Markov chains,
using the weight-per-symbol polytope.

INTRODUCTION

The main purpose of this paper is to show how the weight-per-symbol poly-
tope (WPS), introduced in [MT1, §3] can be used in the study of automor-
phisms (i.e., measure-preserving conjugacies) of Markov chains, in particular,
with regard to the question of which permutations of finitely many periodic
cycles can be realized by such automorphisms. In a Markov chain, the weight
of a cycle is the product of the transition probabilities around the cycle. The
weight-per-symbol (wps) of a cycle is its weight normalized by its length. We
study the periods of the set of cycles with a given wps—in particular, with ref-
erence to how the given wps sits in WPS. In §1, we establish the notion of
a period for any wps which lies in the interior of WPS, and we compute this
period. (The growth rate of the number of cycles with a given wps and length
is computed in [MT2].) We also show that any given path is a subpath of some
cycle with prescribed large least period and prescribed wps, provided the wps
lies in the interior of WPS. The latter is used heavily later in the paper. While
the results of §1 are also contained implicitly in [MT2], our proof here is a bit
different and more direct.

In [MT]1, §3], a scaffold of Markov chains was associated to any given Markov
chain: the scaffold consists of induced Markov chains, corresponding to the
faces of WPS. In §2, we refine the scaffold by introducing boundary compo-
nents, and using this we examine the set of (large) least periods of cycles with
given wps in the boundary of WPS.

In §3, we look at the permutation of boundary components induced by an
automorphism of a Markov chain. We give a necessary condition in terms of
shift equivalence for the existence of an automorphism that maps one boundary
component to another. This gives a necessary and sufficient condition, though
hard to check in general, for the existence of an “eventual” automorphism that
realizes a given permutation of boundary components. We also explore inert au-
tomorphisms on Markov chains, introduced by Wagoner [Wa], and show that
these automorphisms must fix each boundary component. From this, we see
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that the permutation induced by an automorphism, ¢, on the set of bound-
ary components depends only on the automorphism of the dimension module
induced by ¢.

In §4, we apply the results of the previous sections to obtain conditions for
switching cycles, of large least period, by an automorphism. In particular, we
show that, given any wps in the interior of WPS, two cycles in different or-
bits with the same (large) least period and the given wps can be switched by
an automorphism. In general, for wps in the boundary of WPS, the boundary
components pose serious obstructions to switching cycles. However, if for each
face of WPS, the scaffold gives a single mixing Markov chain, then the bound-
ary components pose no obstruction, and the largeness requirement above on
the size of least period, needed to switch cycles, is uniform over WPS. This
generalizes a result of Boyle, Lind and Rudolph [BLR, Theorem 7.2].

Finally, in §5, we give necessary and sufficient conditions for the existence of a
composition of measure-preserving involutions that realizes a given permutation
of finitely many cycles of a Bernoulli shift. This generalizes a result of Boyle
and Krieger [BK, 3.10].

We thank Valerio de Angelis for comments on an earlier draft of this paper,
Mike Boyle for discussions of Appendix B, and Jack Wagoner for discussions
of his paper [Wa2].

0. BACKGROUND

Let exp denote the group of exponential functions ¢ — a‘, a > 0. Then
Z*[exp] is the semiring of positive integral combinations of exponential func-
tions. As in Parry-Tuncel [PT1], we define Markov chains via square matrices
A over Z*[exp]. We let A4, be the matrix 4 evaluated at ¢t. The directed
graph G(A) is the graph whose adjacency matrix is 4y. Let E(A4), S(A4) de-
note the sets of edges, states of G(A4). For an edge e, let i(e), t(e) denote its
initial, terminal states. Let E;;(A4) be the set of all edges e with i(e) = and
t(e) = J . Fixing a correspondence between E;;(A) and the set of exponential
functions, with multiplicity, which occur in A4;;, we write wty(e) = a where
a' is the exponential corresponding to e. Note that G(A4) and the function
wt, completely determine A4, and most of the time this is the way we view A4 .
However, the Z*[exp]-matrix form is a useful notation.

We say that A4 is irreducible if the matrix Ay is. In this case, using the
Perron-Frobenius Theorem [Se] we can transform wt, so that it defines honest
transition probabilities: for an edge e from state I to state J

_ wig(e)ry
p(e)= A(Ay)r

where A(A;) is the spectral radius of 4;, and r = (r;) is a corresponding right
positive eigenvector. Let P be the Z*[exp]-matrix defined by

Py= Y ple)
e€E;(A)

and let © be the unique stationary probability vector of the stochastic matrix
P, . Then, A defines a Markov chain

y= (ZAO s 04y 5 KLa)
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where
T ={x=(-ee0e;---) € E(A)* : t(e;) = i(eis1)},

04y L4, — 24, is the left shift map and u, is the measure defined by
ualer---en) =mie per) - plen).

X, is the shift of finite type (SFT) defined by 4.

As noted in [MTI, 1.3(2)], two Z*[exp]-matrices 4, A’ define the same
Markov chain iff 4’ = D='4D/c', for some ¢’ € exp and diagonal matrix D
over exp. Note that P and 4 above define the same Markov chain. P is
the unique stochastic form of the Markov chain defined by A, i.e., the unique
Z*[exp]-matrix P, with P; stochastic, that defines the same Markov chain as
A.

Sometimes we consider Z*[exp]-matrices 4 which are merely nonwandering
(i.e., whenever there is a path from state / to state J in G(A), there is a
path from state J to state I). Then, A defines a finite disjoint union of
Markov chains, also called X, , but the relative measures of these Markov chains
is left undefined and is irrelevant for our purposes. We are naturally led to
nonwandering matrices from irreducible matrices via the scaffold [MT1, §3].
However, except in explicitly stated places, A is assumed irreducible.

For a path y, i(y), t(y) denote the initial, terminal states. A cycle is a path
y such that i(y) = ¢(y). Foracycle y = e, ---e,, a(y) = e;---eq,e;. The
orbit of y is {a'(y)}. The least period of y is the smallest i > O such that
o'(y) = y. The length I(y) of y is the number n of edges that it traverses. The
weight of a path y is wt(y) = wty(y) = [T}, wta(e;). If ¢(y) = i(n), then yn
denotes the concatenation of y and #n. And if y is a cycle, then y¥ denotes
the concatenation of N copies of y.

For a cycle y, the weight-per-symbol of y is defined:

wps(y) = wps,(?) = loi,v(v;;;(y)

WPS,, denotes the set of weights-per-symbol of all cycles y in G(A4); (WPS,)g
is the rational vector space generated by WPS,, WPS, is the convex hull of
WPS, in (WPS,)o, EXT, is the set of extreme points of WPS,.

It was shown in [MT]1, 3.2] that (WPS,)¢ is finite dimensional, WPS, is a
polytope (i.e., EXT, is finite), and each extreme point is the weight-per-symbol
of a simple cycle. The relative interior, relative boundary of WPS, are denoted
int WPS,, OWPS, (here “relative” means relative to the affine hull of WPS, .)

The WPS polytope is well-defined independent of the defining matrix in the
sense that if 4 and A’ define the same Markov chain, then there is an affine
isomorphism (over Q): WPS, — WPS, , which carries WPS,; to WPS, .
(See [MT1, 3.3].) Since this isomorphism is affine, it must carry the facial
structure of WPS, to that of WPS, .

The ratio group, originally defined in [Kr], is defined by

Ay = {vl:'% 1y, vy are cycles in G(A4) and /(y) = l()")}-

This group is free abelian and finitely generated. If 4 and A’ define the
same Markov chain, then A4 = A4 . Parry and Schmidt [PS] showed that any
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A can be replaced by an A’ (in the sense that 4 and A’ define the same
Markov chain) such that wt, takes values in Ay = A4 . Such a matrix A4’ is
called a A-form. This form has several advantages (see [MT1]).

Since (WPS,)¢ is a finite dimensional vector space over 4, (WPS,)y is
isomorphic over Q to Q", some n. In this way A, and logA, can be identi-
fied with the integer lattice, Z” . This identification makes these objects easier
to visualize. We endow (WPS,)p with the sup norm, || ||, inherited from
identification with Q" . This gives a well-defined topology on (WPS,), .

Finally, we list some of the other notation used in this paper.

& = & (A) = {cycles y with least period = /(y)}.
For w € WPS,, let
Gw = Gw(A)={y € ® :wps(y) = w}.
For a path a in G(A4), let
Cw.a = Cuw.olA) ={y € & : ais a suffix of y}.

For a set % of cycles,let Z(%)={l(y):ye%}.
Let d4 denote the period of A (i.e., the gcd of cycle lengths of G(4))). If
A is a A-form, then for w € int WPS 4, let

d(w) =dy(w) =lcm(d,, gcd{d € N:dw € logA,}).

In general, we define d4(w) = d(w) where A isa A-form for 4 and W is
the image of w via the affine correspondence WPS, — WPS—.
(This does not depend on the particular A-form.)

1. LONG CYCLES AND THE PERIOD OF A WEIGHT-PER-SYMBOL

Theorem (1.1) below shows, among other things, that the set of least periods
of cycles with a given wps, w € int WPS,, is eventually periodic with some
easily computed period. In particular,

intWPS,, Cc WPS,.

So, WPS, can differ from WPS, only on 8WPS,. See (2.2) of this paper
and [MT]1, 3.5(5)] for some examples.

(1.1) Theorem. (1) For w € intWPS,, £ (%,) Cc d(w)Z.

(2) Assume that G(A) does not consist entirely of a single cycle. Let W be
a closed subset of intWPS,. Let a be a path in G(A). Let M € N. Then,
IN = Ny(a, W, M) such that for w € W

Z(Bw)NIN, 00) = Z(%y,a) N[N, ) = (d(W)Z) N[N, )

and moreover if n € £ (%,) N[N, 0o), there are at least M cycles in &, o in
pairwise distinct orbits with length=n .

An immediate consequence is:
(1.2) Corollary. (1) intWPS, c WPS,.

(2) For w € int WPS,, d(w) = gcd(-Z (%)) -

A much stronger statement than the “moreover” is contained in [MT2, The-
orem 14]. For the proof of (1.1), we will need the following lemmas.
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(1.3) Lemma. Let y, y,,..., 7 € & be cycles in distinct orbits, and k >
2. Let n = mn,...n be a decomposition of a cycle n into subpaths (some
of which may be empty) such that yniy.my--- vtk is an (allowed) cycle in
G(A). Then, for sufficiently large positive integers my, ..., my, the cycle y =
MYy vk € € (i.e., the least period of y is 1(7)).
Proof. Let i =1(y;), Il =1(n;).

We use the following fact:

(0) if yf" is a subpath of y) for some N, then i = j.

To see this, observe that since the length of yf" is a multiple of /;, if yff is a
subpath of y}" , then yf’ = (0%(y;))?, for some a, b; but since y;, 7; €€ and
are in distinct orbits, we get i = j.

Let m,;, m, be large enough that

(1) maly > L1 + 1y,

(2) m111>111j+1}+111]‘+1, j=2,...,k—l,

(3) myly > 2(Lil + ).

Let y be as in the lemma. Suppose ¢/(y) = y for some 1 <i < /(y). Then
(4) o'(y) =y forsome1<i<I(y)2.

If i<mili—1,thensince y, €%, y= y}l(”/"Jé where /(d) < [/, . Then by
(1) above, y{z is a subpath of )", contrary to (0) above.

If mili =l <i<I(y)—(mil+1;), then by (2) above, forsome j:2< j <k,
yj‘ is a subpath of y{™, again contrary to (0).

If 1(y) = (mple + 1) < i< 1(y)— (Ll + 1), then y{" is a subpath of ",
again contrary to (0).

If i>1(y) = (Lik+1), then, by (3) above,

i>l(?)—m2ﬂ>1(y)—7=(7y),

-~
—_
~
~

~

contrary to (4) above. 0O

Let S = (y1,..., %) and 8’ = (y], ..., 7,,) be two sequences of cycles.
We say that S, S’ are equivalent if for each edge e, the total number of
occurrences of e in y;, ..., 7, coincides with the total number of occurrences
of e in y{, ...,y . In particular,

k K’ k k'
[Twt) =TT wth). Y1) =>_ 1.
i=1 i=1 i=1 i=1

It is easy to see that every cycle y is equivalent to a sequence S = (y;, ..., ¥x)
of simple cycles. In particular, wps(y) = fo:,(l(yi) /1(y)) wps(y;) .
(1.4) Lemma. Let A be a A-form. Let y,, ...,y be a set of precisely one

representative from the orbit of each simple cycle. Let § € logA4 and | € d,Z.
Then there exist u;€ Z, i=1, ..., k such that

k
0= z u;log wi(y;)

i=1
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and
k
1= uil(y).
i=1

Proof. We may assume / > 0 (the argument for / < 0 is similar). First, there
exist cycles 7, 1’ such that

dg=1(n)—I(n").
Then,
= I(n'l4a) — I((n')14a).

By definition of A, and the fact that 4 is a A-form, there are cycles a, o
such that

J +logwt((n)/44)) — log wt(n//%) = log wt(a) — log wt(c)
and /(a) =I(a’). Thus,
0 = logwt(a) + logwt(n'/%4) — logwt(a/) — log wt((n')"/44)

and
| = [(a) + l(n[/dA) _ [(al) _ 1((,,/)1/‘1/4)‘

Now replace each of a, #//4 o, (n')!/44 by an equivalent sequence of simple
cycles. O

(1.5) Lemma. Let P C RY be a real polytope of dimension d . Let {w, ...,
wi} be a finite subset of P which contains EXT(P). Let W be a set whose
closure is contained in int P (here interior means interior in R?). Then, 3¢ > 0

Yw € W we may express w = Zle m,w; where Zf;l n;=1 and each ©; > ¢.

Proof. Let D = {(m;, ..., m) € R¥ : Zf=,ni = 1 and each #n; > 0}, the
standard simplex.
For ¢ > 0, let

k
De={(7t1,~--,7tk)€Rk:Z7t,~=1andeach7t,~>s}.

i=1

Now, define

k
d: RS RY, (nl,...,nk)»——»zniwi.
i1

Since {w;, ..., wy} contains the extreme points of P, ®(D) = P. Since di-
mension (P) =d, ® isonto R?. Since ® is linear, ® is open. Thus, d(int D)
is open in R?. Now, since @ is continuous, ®(int D) is dense in &(D) = P.
So, ®(int D) is an open, dense, convex subset of P. Thus, ®(intD) = int P.
Now, intD = {J,,oD;. Thus, {®(D,): e > 0} is an open cover of intP.
Since W is compact, we get W C ®(D,) for some ¢ > 0. But this is what we

wanted to prove. 0O

Proof of Theorem (1.1). We may assume that 4 is a A-form.
(1) If y € &,, then d4/I(y) and [(y)wps(y) = logwt(y) € logA,. Thus,
d(w)/1(y).
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(2) We may assume, by attaching a prefix to «, that « is a cycle. From (1),
it suffices to show that there exists N such that for each w € W, and each
n € (d(w)Z)N[N, co) there are at least M cycles in %, , with length= n
and pairwise distinct orbits. Let 1 be a cycle which meets every state of G(A).
We may assume that i(n) = i(a). Let y,, ...,y be distinct representatives
from the orbits of each simple cycle. We may write n = #,--- 1, such that
YiM -+ Yk 1s an allowed cycle. Since G(A) does not consist entirely of a
single cycle, kK > 2.

Now, the cycle na is equivalent to a sequence of simple cycles. So,

k k
= Hwt(yi)“‘ , l(no) = Zvil(yi)
i=1 i=l

for some nonnegative integers v; .

Let W be the given closed subset of int WPS ;. Applying (1.5) to P = closure
of WPS, in R?, and to the closure of W in R?, there exists ¢ > 0 such that
for each w € W, we may express

k
(5) w =" 1;wps(y) Zn, =1 and each 7; > ¢.
i=1 i=1

Let n be large (how large is indicated below and is independent of w € W)
with d(w)/n ie., nw €logA, and d,/n. We will show that n € Z(%, ).

Let p; = |mn/l(y;)] — vi. (Among other things, n is required to be large
enough that each p, >0.)

Let © = p{'my9*m - v mec.
Let 6 = nw —logwt(®) € logA,, [ =n —[(8). Then, by (5)

(-] e

So, 6 and / can take on only finitely many values, independent of n and w .
Thus by (1.4), there exist integers u; such that

k k

0= Z u;jlogwt(y;) and /= z u;l(y;)

i=1 i=1
and the u; are bounded above and below independent of » and w. Let
6 = yPtig by, .yt g o Then logwt(®) = nw, 1(8) = n, and a is
a sufﬁx of 8. ThlS shows that n € ¥(%, .), provided that ©® € & (i.e., the
least period of © is /(8)). But, by (1.3), this is true if the p;+u; are sufficiently
large. Since the u; are bounded above and below, and since =, ..., m; are
bounded below by &, which is independent of w € W, the p; +u; will be large
provided only that » is sufficiently large.

So, this produces one cycle, ©,in %, .o With length = n. To produce another

such cycle, in a distinct orbit, proceed as follows. Pick a cycle o/ which has o
as a suffix and is not a subpath of

VYNVt VistVier i=1,..., k-1,
and not a subpath of

o]l = < Z [[log wt(7:)]l -

i=1

Yk VR VMkaP171Yr 0
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Such a cycle o' exists since G(A) does not consist entirely of a single cycle.
Now, for n sufficiently large, if y € &, », [(y) = n, then y is not in the orbit
of © (and also y € %, ). This gives two of the desired cycles. Continue in
an analogous way to get the others. O

2. BOUNDARY COMPONENTS

For a face F of WPS,, Gr = Gr(A) is the subgraph consisting of all edges
that belong to some cycle y with wps(y) € F. Clearly Gr is nonwandering;
in [MT1, 3.9], it is shown that a cycle y in G(A4) lies in G if and only if
wps(y) € F. Let Gr ; denote the irreducible components of Gr .

For a subgraph H of G(A), Ay denotes the restriction of 4 to H i.e.,

A= Y. (wig(e))

{eeE” ,e in H}

So, we get the matrix Ag, which we abbreviate Ar. Note that Ar defines
a nonwandering Markov chain with irreducible components Ag, ,, which we
abbreviate Ap ;. The correspondence F — {Af ;} is called the scaffold of
Markov chains associated to 4.

For two matrices that define the same Markov chain, the affine isomorphism
between their polytopes sets up a correspondence between their scaffolds: cor-
responding matrices Ar ; define the same Markov chain. (See [MT]1, 3.3(1)].)

The scaffold of Markov chains is a useful invariant of many coding notions
(See [MT1, §§4, 5].) Here we refine the scaffold as follows to provide even more
information.

Let & = % (A) denote the set of Markov chains obtained by starting with
A and iterating the scaffold construction i.e., & is the minimal collection of
Markov chains that contains 4 and contains each Br ; for each B € # and
each face F of WPSp. We call the elements of & boundary components.
Often we will abuse notation by referring to the defining subgraphs (of the
Markov chains in %) as the elements of % (i.e., K instead of Ag).

By a chain of boundary components, we mean a sequence of subgraphs

GA)=GyD>G D---DG

such that G, = (G))F,,,i,,, and Fj;, is a face of WPSAG . By definition,

every boundary component K is the terminal element of a chain of boundary
components (i.e., K = G, as above). Such a chain is called a K-chain. A
minimal K-chain is a chain

GA)=GyoG,D---DG =
such that for every K-chain
GA)=G,>G;>--->G, =K,

I'>1 and G;CG}, i=0,...,1.
The boundary components have the following properties.

(2.1) Proposition.
(1) &£ is finite.
(2) If, for each face F, Ap is irreducible, then B = {AF }faces F
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(3) Let Ax, Ax € & . If intWPS,, nint WPS, , # @, and K meets K',
then K =K'.

(4) Each boundary component K has a unique minimal K-chain.

(5) For each cycle y there is a unique boundary component K, which con-
tains y and satisfies wps(y) € int WPS, .

(6) If wps(y) = wps(n) and K, meets Ky, then K, =K, .

(7) Let Ax € % . If y is a cycle that meets K and wps(y) € WPS 4, , then
y liesin K.

(8) WPS, =Jint WPS,, over all boundary components K .

(9) If either Rank(A4) < 1 or for each F of WPS, Apr is irreducible, then
WPS, = WPS,,.
Proof. (1) Each time that the scaffold construction is iterated and a new bound-
ary component is created, the dimension of the polytope strictly decreases; thus,
the iteration can continue only a finite number of times.

(2) Since WPS,, = F, each face of WPS, is a face of WPS,. Continue
inductively.

(3) It suffices to show K’ C K. Let

G(A)=GyDoG;D---0G =K
be a K-chain, so, Gjs1 = (G))g,, i, and Fjy; is a face of WPS,, . Fix
wp € intWPS,4, NintWPS,_, . We show, inductively, that K’ c G;. Clearly
K' C Gp. So, assume K’ C G; and let w € WPS,,, . Since wg € int WPS,,,,
there is a line segment L,, C WPS,,, such that w € L, and wp € intL, .

Since wo € WPS,, , Fj,; contains wy. And since K’ C G;, we have L, €
WPSAGj . Thus Fj;; is a face of the polytope WPSAGj , and it contains an

interior point of the line segment L, € WPS g, - Thus Fj,; must contain
all of L, and hence w. Thus, WPS,,, C F;;;. Thus, K’ is contained
in a unique component of (4g,)F,,, . But G, is the unique component of
(4g,)F;,, which contains K . Since K meets K, we get K’ C G;; as desired.

(4) Inductively assume K C G; and define Fj;; to be the intersection
of all the faces of WPS,4; which contain WPS,, . Then Fj,, is a face
of WPSAG , and there is a unique iy, such that (Gj)f,,,;,, D K. Let

Gjia= (G,) Fj.1.i;, - This defines a sequence of subgraphs which must eventu-
ally stabilize i.e., defines a chain:

GA)=GyDGyD---DGy.
We claim that this is a K-chain i.e., G; = K. To see this, first note that since
the chain stabilized at G;, we must have int WPSAK Nint WPSAG, # 2. This

together with (3) and the fact that G; D K yields G; = K. To see that this K-
chain is minimal, inductively apply the fact that if G’ > G D K are subgraphs

and F' is a face of WPS,, such that F’' > WPS,, , then there is a face F of
WPS,, such that F' > F > WPS, ; namely, F = F'nWPS,, .

From the definition it is clear that there can be at most one minimal K-chain
for each boundary component K .

(5) Define K, as follows. Choose any G ; which contains y and satisfies
wps(y) € F. Now, iterate this procedure starting with Ar ; instead of A4.
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Each time that the procedure is iterated, either wps(y) € intW—PSAFJ. or the
dimension of WPS decreases. So, eventually the former must hold, and this
defines KX, .

For the uniqueness, apply (3).

(6) Apply (3) and (5).

(7) Inductively, one sees that y must lie in each of the subgraphs of any
K-chain.

(8) From (5), we have wps(y) € intWPS,, . This, together with (1.2)(1),
yields (8).

(9) If Rank(A4) =1, then by [MT1, 3.4], dim(WPS,) = 1. So, by (8),

WPS, = int WPS, UOWPS, = WPS

If, for each face F, Ap is irreducible, then A is a boundary component and
WPS,, = F. Thus, by (8)

WPS, = | J intF = WPS,

faces F

(the latter equality comes from the fact that each element of a polytope lies in
the interior of some face of the polytope: namely, the intersection of all of the
faces that contain the element). O

In the remainder of the paper, we will often have occasion to refer to the
boundary component K, associated to a cycle y asin (2.1)(5).

(2.2) Example. Let x, y > 0 s.t. logx, logy are independent over Q.
Define A by the following graph (the labels define wt,):

X

IQ@ /y\"éa | pibls

With logx, logy as a basis for (WPS,)p, we identify (WPS)y « Q2?,
logx < (1, 0) and logy < (0, 1). Then, WPS, is represented as the triangle
in Q* with vertices (0, 0), (0, ) and (3, 0):

(0, 1/3)

Fe
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WPS,, = F; has three 1-faces and three 0-faces. For all these faces F; , except
F,, Af; is irreducible and does not produce any new boundary components i.e.,
each boundary component of Af, is some Af, . For example, Af, is given by
the subgraph consisting of:

@0 ® ®
\—/

1

Yy

and the boundary components of Af, are Ar,, Af, . However, Af, has three
irreducible components: Af,, Ar, and Ax where K is the subgraph given
by the self-loops with weights x, x%, and, Ax has two boundary components
Ak, , Ak,: K, is the self-loop with weight x, and K, is the self-loop with
weight x?. Thus, the boundary components are A, Ar, AR, Ar,, AF,,
Af, Af, Ak, Ak, , Ak, and all but the last two constitute the scaffold. By
(2.1)(8), WPS, consists of the triangle, WPS,, except for the union of two
intervals:

{(£,0):1€(0, 1)U (2, 3)}.
In particular, WPS, # WPS,. O

For a boundary component K, let Ax be a A-form of Ax. For w €
int WPS 4, , let w denote the image of w via the affine transformation WPS ,,
—_ WPS;K (as in [MTT1, (3.3)(1)]).

For w € int WPS,,, , define d,, (w) = dzk(w). For w € WPS,4, let

S(w) = {Ax € B : w € int WPS4, }.

Then, we immediately get the following version of (1.1) for all w € WPS,.

(2.3) Theorem.
(1) For w e WPS,, Z(%,) C Ukesw) dax(W)Z .
(2) For w € WPS,, there exists N, € N such that

L (%) N[Ny, ) = ( U dAK(w)Z) N[Ny , 00).

KeS(w)

Proof. Apply (2.1)(5) and (1.1). O

Note how (2.3) differs from (1.1) (i.e., how the boundary differs from the
interior). For w € WPS, —intWPS,, .#(%,) is eventually a finite union of
periodic sequences (instead of being eventually periodic) and %, , may be
empty (for instance if a is a cycle and w belongs to some face that does
not contain wps(a)). In general, there is no uniformity in N, over WPSj.
Uniformity can fail even for Bernoulli shifts (i.e., Markov chains defined by
1 x 1 matrices):
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(2.4) Example. Let x >0, x # 1. Define 4 by

Note that Ay = {x" : n € Z} and A4 is a A-form. Now, with {logx} as
basis for (WPS,)o ~ Q, we can identify

WPS, = WPS, = [0, 3]n Q.

Let N be a positive integer and w = # . So, w € intWPS4, and so

U @a(w)Z=ds(w)Z = NZ.

KeS(w)

But since there is no cycle y with wt(y) = x, N ¢ Z(%,). So, there is no
uniformity in N, . O

3. THE INDUCED PERMUTATION OF BOUNDARY COMPONENTS

Let X, and Xz be Markov chains. A block isomorphism is a topological
conjugacy of the underlying SFT’s which is measure-preserving. Given a topo-
logical conjugacy, ¢, of the underlying SFT’s, for each cycle y € #(4), there
is a unique cycle, called ¢(y) € F(B) such that ¢(y>®) = (¢(y))*. (Recall
that #(A4), € (B) are the sets of cycles whose least period and length coin-
cide, and y* is defined by (y*); = ¢, modn where y = e;---e,.) Now
¢ is measure-preserving if it is weight-preserving in the sense that for some
a>0, wty(y) = a’® wtg(y) for each cycle y € €(A4). (This is well known; see
[Ki, JKKMS].) An automorphism of X, is a self-block isomorphism. An auto-
morphism of the underlying SFT (i.e., a self-topological conjugacy) is measure-
preserving if it satisfies the above weight-preserving condition on cycles with
a=1.

The set of boundary components is ordered by inclusion of the defining
graphs.

We first note

(3.1) Proposition. Any automorphism, ¢, of X, must permute the boundary
components in a way that preserves order and minimal K-chains.

Proof. Tterate the fact [MT1, 3.13(4)] that ¢ must permute the irreducible
components of each Ar. (This uses the weight-preserving condition above.)
Now, apply the definition of boundary component; this gives a permutation of
boundary components that clearly preserves the ordering by inclusion. From
this, it also follows that it preserves minimal K-chains too. 0O

Clearly, if K, K’ are boundary components, ¢ is an automorphism and
¢(Z4) = L4, , then T, and X,,, must be block isomorphic. So, any differ-
ence in WPS,, A, or any other block isomorphism invariant (beta function,
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zeta function, etc.—see [PW, PS]), gives restrictions on the permutations that
can be induced by automorphisms. The following example shows how the order-
preserving requirement also gives restrictions.

(3.2) Example. Define 4 by the following labelled graph where logx, logy
are independent over Q.

Yy
>
4
1

With {logx, logy} as basis, WPS, is identified as the triangle in Q? with
vertices (0,0), (1,0) and (0, }). And F = {0} is a face with two block
isomorphic components ZAK] , ZA"z :

K,: @O !
oD

We claim that no automorphism can switch ZAK, , ZAx2 . Well, for the fol-
lowing boundary component, X Ak, >

oy

and for any automorphism ¢, we have ¢(Z4, ) C ¢(ZAK3) . But since K3 is the
only boundary component with WPS = WPS Ax, » W€ must have ¢(Z,4 K}) =X Ak,
and thus ¢(2AKI) C }:A,(3 . So, ("(ZAK,) = ZAKI . O

We do not know a complete and effective set of conditions for a permutation
of boundary components to be realized by an automorphism. However, we do
give a necessary condition, in terms of shift equivalence, which can actually be
checked in some cases. For this, we first change our viewpoint on the defining
matrices for Markov chains.

Let 4 be a matrix over Z*[X{ --- , Xx] where X|, ..., X, are commuting
indeterminates. Such a matrix A together with a set of numbers x;, ..., x, €
Rt determines a Z*[exp]-matrix A: simply replace each monomial [];_, X},
with T, (x")'.

Now, conversely any matrix 4 over Z*[exp] determines such an A as fol-
lows. Choose a basis {x;, ..., x,} for the multiplicative group generated by the
weights of all the edges. For example, if 4 were a A-form, then {x;, ..., x4}
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would be a basis for A,. Now, for edge e, there is a unique expression
n
wty(e) = Hx}”"(e) , w;(e) € Z.
i=1

Let 4 be the matrix over Z*[X;, ..., X;] defined by

n
ZIJ — Z Hx:l),(e)

e€E;; i=1

Note that 4 depends on the choice of basis only up to an affine transformation
of the exponents in Z". We call A a polynomial representation of A .

Of course, A can be recovered from A4 and the numbers x;, ..., X .

For p, g€ Z[X*, ..., X%], p>q means p-q € Z*[X}, ..., X;].

For matrices, 4, B over Z*[XT, ..., XT], an elementary strong shift equiv-
alence (elementary SSE) is a pair of matrices (R, S) over Z*[X%, ..., X}]
satisfying

A=RS, B=SR
As in simpler categories (see [Wi]), one can define a set of block isomorphisms,
¢(R, S), from X, to Zz (A, B are polynomial representations of 4, B) that
come from the elementary SSE (R, S), as follows. (Sometimes we use c(R, S)
to denote this set of automorphisms and at other times use ¢(R, S) to denote
an element of the set.)

For a matrix R over Z*[XT,...,Xs], let My;(R) = {(u,i):1<i< ¢}
where

Ry = Z culu, c, EZ*.

{monomials u}

So, M;;(R) represents the monomials in R;; with multiplicity. For (u, i) €
M;;(R), write i(u,i) =1, t(u,i) = J and wtg(u, i) = u. Likewise for
S. Now if (R, S) is an elementary SSE, then we can identify E;;(4) with
U;es( nM, 7(R) x M7,(S) via a bijection, which we denote

e« (r(e), s(e))
such that wty(e) = wtg(r(e)) wts(s(e)). Likewise, E;;(B) can be identified
with {J;¢ sy M 7(S) x M7,(R) via a bijection which we denote
e — (s*(e), r(e)).

Note that if f(e) = i(f), then (s(e), r(f)) = (s*(e’), r*(e’)) for a unique e’.
Now, define c¢(R, S): X4, — X, as follows. Let ...e_jepe;--- € Z4,. Let ¢
be defined by (s*(e;), r*(e;)) = (s(e:), r(ei+1)) . Then ¢(R, S)(---e_1ep€1--+) =
...e'_le(’)e;... .

eO el
s(ey) r(e))
r(ey) s(e,)
%
—_—
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The map c(R, S) depends on the bijections chosen.

Note that the identity belongs to c(I, 4); by analogy with the topological
setting, we call the automorphisms that are block isomorphic to the automor-
phisms in c(I, A) simple automorphisms (see [N]).

Also, the shift o4, belongs to ¢(4, I). Unfortunately, gy, cannot be repre-
sented asa ¢(R, §). However, we have (see Parry-Williams [PW], Parry-Tuncel
[PT2], and Wagoner [Wal, Wa2]):

(3.3) Proposition. Let ¢ be an automorphism of £4. Let A be a polyno-
mial representation of A. Then, there is a sequence of matrices R;, S; over
ZH[XE, ..., XE] such that

A= R, S
Si R =Ry &

Si-1 Ri_1=R; S;

St Ry =4
and poal, =c(Rr,SL)---c(Ry,S;) for some [ >0.
Ao

The chain of matrices (R;, S;) satisfying the equations of (3.3) is called
a (self) strong shift equivalence (SSE). A pair (R, S) is called a (self) shift
equivalence (SE) (with lag L) of A if it satisfies:

AR=RA, SA=A4S, RS=4Y, SR=4.

Note that any automorphism ¢ of X, naturally determines an automorphism
¢ of Z,, for each i. We say that an SE (R, S) is induced by ¢ if ¢pL) €
¢(R,S), L=Ilagof (R,S). Note that if y is a path with length equal to the
lag L of the SE induced by ¢, then

(1) wiz(¥) < Ry, o) * Sito ), 1)
where i(¢(y)) is taken to be the initial state of (¢(z))o, zo---zz—; = y. This
makes sense since the length of y equals the lag of the SE.

It is immediate from the definitions that the SSE, in (3.3), determines an SE
(R,S):R=R,---R;, S=S8.---S; induced by ‘/’°‘7,£10-

The induced SE is unique in the following sense: if (R, S) and (R’, S’) are
SE’s induced by the same ¢ with the same lag, then for some monomial u

R =uR, S =u’'S.
This follows from Wagoner [Wa2]. For completeness we give a proof in Ap-
pendix 4. Note that since ¢(/, A) =identity, if an SE (R, S) is induced by
an automorphism ¢, then there are SE’s of all sufficiently large lags induced
by ¢;namely, (R, SA'). And if (R, S) and (R', S’) are SE’s induced by the
same ¢, then (assuming the lag of (R’, S’) is at least the lag of (R, S)), we
get for some monomial u
R =uR, S =u'Sd"

where L > 0 is the difference in the lags.

For a monomial u = []}_, X}", let log(#z) denote the vector (w,, ..., w,).
Abusing notation, by ¢(K) we mean the boundary component such that ¢(Z,, )
=3y where K is a boundary component and ¢ an automorphism.

oK) ?
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(3.4) Proposition. Let ¢ be an automorphism and K, K' be boundary com-
ponents. Then, ¢(K) = K' iff WPS,, = WPS,,, and there is an SE (R, S)
induced by q)oajo ,some |, and states I € S(Ax), J € S(Ax') and a monomial
u such that
u< RSy
and
1—0%3 € WPS,,, L=lagof(R,S).
Moreover, this condition must hold for all SE’s (R, S) whose lag is the length
of some cycle in K.
Proof. Only if: Clearly WPS,, = WPS,, . By (3.3) and the remarks above,
forsome />0, ¢go aﬁo induces SE’s of all sufficiently long lags—in particular,
the lag, L, can be chosen to equal the length of a cycle y in K.
Let I =i(y). Since (¢poa} ) ) € c(R,S) and pod) (K) =K',
wi(7) < RisSy1
for some J € S(Ak). This establishes the “only if” and the “moreover”.

If: Since u < Ry;Sy;, there is a cycle y with i(y) = I, i(e(y)) = J,
I(y) =L and wt(y) = u (see (}) above). By (2.1)(7), y liesin K, and thus
po af,o(K ) contains the state J. Thus, ¢(K) meets K’. This, together with
WPS, . = WPS,, =WPS,,, and (2.1)(3) gives ¢(K) = K’ as desired. O

This result gives a way of deciding, for a given automorphism ¢, what the
induced permutation of boundary components is. It also gives a necessary con-

dition for the existence of an automorphism that maps one boundary component
to another.

(3.5) Example. Let A be defined by the graph

X
1

e
COT——0D

1

(Here x >0, x # 1.) Then, WPS, is the convex hull of {0, %%} . Let F
be the face {0}. Then Ar has two components Af, , A, . While ZAF‘ s ZAFZ
are block isomorphic, we claim that there is no automorphism which switches
them (and one cannot tell this by simply looking at the boundary components
and their ordering). If there were such an automorphism, then by (3.4), there
would be an SE (R, S) of

- 1 2x

=l )
such that 1 < R;»S,; and thus there would be monomials ¥ < Ry,, v’ < Sy,
such that 1 = u-u'. Now, a straightforward computation shows that any R
which satisfies AR = R4 must be of the form

R— [a 2bx

b a}, a,beZ*[x*)
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So,u < Ry; = 2bXx, and thus 2u < R|,, and thus
—L
2=2u-u' < R3S < (4 ).

—L. .
But the constant term of (4 );; is 1. O

As usual, we say that A4 is mixing if Ay is mixing (ie., if 47 > 0 for
some n). If A is not mixing, then S(A4) breaks up into “cyclically moving
subsets” Cp, ..., Cy,—y; in particular, letting X; = {x € Z4 : i(x) € Ci},
G'AO(Z,') = Zi+l . (SCC [AM, p. 16])

The boundary components of A™ may be slightly different from the bound-
ary components of 4. For example, if d4, |m, each boundary component K
gives rise to d,4, boundary components of 4™ of period 1. (These come from
the cyclically moving subsets of K.) Let n be a permutation of Z(A4). A per-
mutation n(™ of & (A™) is consistent with n if whenever K € % (A) gives
rise to Ko, ..., Ky_; € B(A™), then nm(K;) = Ki,,i=0,...,d-1,
where Kj, ..., K, , € #(A™) are the boundary components arising from
n(K) and i, is some element of {0, ..., d —1}. The proof of (3.4) and argu-
ments in [BMT, 3.2 and MT1, 4.8] yield the following (whose proof we leave
to the reader):

(3.6) Proposition. Let n be a permutation of the boundary components of A .
For sufficiently large m, there is an automorphism of 4= which realizes a per-
mutation consistent with . iff WPS 4, = WPS,_  for each boundary component
K and there is an SE (R, S) and states Ix € S(Ax), Jx € S(Ank)) and a
monomial ug such that

uk < RigneSugig

and

loguk « WPs, . L=lagof(R,S).

(For the proof of this, it helps to use the fact that for a cycle y and a positive
integer L, wps,.(y) = Lwps,(y).)

For a matrix 4 over Z*[X], ..., X,], the dimension module M is the
Z[xf, ..., X¥]-module defined by the direct limit:
My = lim (Z[XT, ..., %5])°
4

where 4 is a x a. See Tuncel [T2] for an interpretation of M, in terms of
a natural equivalence relation on open-closed sets in unstable manifolds. The
shift map is reflected by the module automorphism:

A:M;— Mg, A(T,i])=[v4, i]
(where [U, i] denotes the equivalence class of the “ith copy” of ¥ in
(Z [Yli ,...,XE1)%). Let ¢ be an automorphism of £, and 4 a polynomial

representation of 4. Then (poaf10 induces an SE (R, S) of A for some /> 0.
Define the module automorphism Il(¢): M7 — M5 by

(e)([T, i]) = A~/([OR, i])
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The automorphism Il(p) is well-defined (i.e., independent of / and the
particular induced SE), up to composition with a scalar automorphism i.e., an
automorphism of the form

(v, il [uv, i]
for some monomial u. This follows from the sense in which the induced SE is
unique; see Appendix A.

The map I1 from automorphisms of X, to automorphisms of M, is called
the dimension representation. The dimension representation is a group homo-
morphism (the group operation here is composition). As in [Wa2], we say that ¢
is inert if TI(¢p) is a scalar automorphism. By replacing (R, S) by (uR, u~'S),
for appropriate u, we may assume that Il(¢) = identity whenever ¢ is inert.
We remark that the inert property does not depend on the particular matrix A4,
used to define the Markov chain, nor on the particular polynomial representa-
tion. Also, compositions of inert automorphisms are inert. And inertness is a
block isomorphism invariant (i.e., if ¥ = w0 ¢ o (n)~!, for some block iso-
morphism 7, and ¢ is inert, then so is ). So the automorphisms c(I, A),
and therefore the simple automorphisms, are inert. These facts are contained
in [Wa2].

Inert automorphisms have played a significant role in the theory of automor-
phisms of SFT’s, and they can be expected to play a similar role for automor-
phisms of Markov chains. ‘

The following is a generalization of the corresponding result for automor-
phisms of SFT’s. It is a straightforward consequence of the definitions.

(3.7) Lemma. An automorphism ¢ is inert iff for some | > 0, there is an SE
(R, S) induced by ¢ o d} such that RA™ = A™*!, for some (and hence all
sufficiently large) m .

(3.8) Proposition. If ¢ is an inert automorphism of X4, then ¢ must fix each
Y; (where the X; are as defined above from the cyclically moving subsets C;.)
Proof. There is an SE (R, S) induced by ¢ o af"o, some [ > 0, such that
RA™ = A™*!, for large m. Then ¢ o)y (£;) = Z;, some j. Let I € C;.
Then by definition of induced SE, R;; # 0 for some state J € C; (see (1)) .
Choose m such that Z;"J # 0. Of course, m is a multiple of d,. Since
Rij(A™) ;5 < (A™1);; there is a path from I to J of length m + /. Thus,
j=i+! (modd,). So, po JLD(Ei) =2X;,- So, p(Z;) =%; asdesired. O

It will be convenient to consider polynomial representations A that are
adapted to a given face as follows: For any proper face F, we may assume, by
making an affine transformation of (WPS,)p =~ Q" , that

WPS, Cc {g e Q": g, >0}
and
F=WPS,n{geQ":q,=0}.

Thus, each cycle y in G(A) satisfies

n
wt=(y) = HYZU , w, >0,
i-1

and y liesin G iff w, =0.
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By conjugating A by some dlagonal matrix with single monomial entries,

we may assume that A is over Z+[x xf_l , X,] and thus Ag is over
Z +[x, e n_ J: Namely, let D;; = xf,’ where, fixing some arbitrary state
I,

ar = — min((log wt(7))n)

the minimum being taken over all paths y from Iy to I. The reader may check
that D~'4D indeed satisfies the above.
When A4 is in this form we say that it is F-adapted.

(3.9) Theorem. Let ¢ be an inert automorphism. Then, for each boundary
component K, ¢(K) =K and ¢|s, is inert.

Proof. It suffices to prove this for components of each Gr. We may assume that

A is F-adapted. Let .# be the set of monomials in the variables X, ..., Xn_; .
Now, there is an SE (R, S) of 4 induced by ¢ o aj,o , some /, such that
(6) RA™ = gm+!
for large m . Fix such an m.

We
Claim. R;;, S;; are over Z+[f]i, cee ff_l , Xn] if either I or J belongs to
S(A4F).

To see this, first suppose J € S(Ar). Let » be a path in Gg such that
i(y)=J and [(y) = m. Then

Ry wiz(y) < (A™); i)

But since A is F-adapted, Ry isover Z*[Xy, ..., X:_,, X,]. So, we get the
claim for R;;. Using the SE equations, together with (6), we get

AR =A™ A" = sAmH = gL

(where L is the lag of the SE), and so the same argument gives the entire claim.

Let K be a component of Gr. We will show that there is a cycle # which
lies in Gr and meets K, ¢(K), ¢*(K), ... and therefore K is g-invariant.
Let y be a path in K such that L(y) = L. Then, by definition of induced SE,

Wi(?) < Riy), iton)Sito(r) 1)+

But since A4 is F-adapted, WII(}') € # . And since R!(}’)v!(?(}’))’ Sj((o(y)),g(y)

both belong to Z ’“[7‘;t Y eens Yf_l , Xn] (by the claim above), wt(y) may be
written as the product of two monomials in .# , one of which, called u, satisfies
U< Riy), ito(r))-

Now, let 7 be any path of length m in ¢(K) with i(¥) = i(¢(y)). Then,

wiZ(7) < (A i) . 16)-
Thus,

u-wiz(7) < Riy. itor) (AMitor)) . 15)
< (RA™) .15 = A™ )iy 13-
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So, there is a path from K to ¢(K) with weight in .# . Applying this same
argument to ¢/(K) instead of K, we get a path from ¢/(K) to ¢/*!(K) with
weight in .# . Thus, there is a cycle, with weight in .# , which meets each
¢/ (K), as desired.

Finally, we need to show that ¢|2AK is inert. We construct an SE (Rg, Sk)

induced by ¢ o g/ |5, and show RxAf = Ag*, for some polynomial repre-
sentation Ax of Agx. (Here m and [ are the same as in (6).) We let Ak,
Ry, Sk (resp.)__be the matrices, indexed by the states of K, with entries equal
to the parts of A;;, R;;, S;s (resp.) that involve monomialsin ./ , e.g., if we
write Sy; = Z_{monomials u} Qulhs Ay € N, then (Sk)is = Z{monomials uca}y Wl .
Note that Ax is indeed a polynomial representation of Agx . We first show
RSk = Ak
(L is the lag of the SE (R, §)). Well, clearly,
RSk < Zk
Now, let u < (Ak)%, (of course, I, J € S(Ak)). Then since Ak < AL = RS,
there is a state T € S(4) and monomials u;, #, such that

Uu=uu,, u|SRﬁ, lQSS;_,.

To show that AL < RSk, it suffices to show that
K

(%) I € S(Ak)
and
(%*) Uy, uye

For (%), note that by definition of induced SE, there is a path y in K from
I to J such that T =i(poa) (7). Butsince ¢(K) =K, we get (x).

For (xx), first note that since I, J € S(Ak), by the claim above, u;,
are monomials which do not contain negative powers of X, . Since u € .# , we
get that both u,, u, € 4 . ‘

The other SE equations follow similarly. That (Rg, Sk) is an SE induced by
po af,oleK follows from the definition of induced SE and the fact that (R, S))
is an SE induced by ¢ o d . ‘

Finally, we show that Rx A} = A7+ . First, observe that since A™R = 4™+
and Rg is over Z*[X5, ..., X+ |], we get

ZI'?RK < Zz”.

Let u be a monomial in (Z?*’), J. Of course, I, J € S(Ak). Then, since

AP < AmHl = A" R there is a state T € S(4) and monomials u;, u such
that

u=uuy, u<(4");, ur<Ry

To show that AP+ < AMRy, it suffices to show () and () above. The
argument for (*x) is exactly as above. For (x), let y be a cyclein K such that
i(y)=J and RA!® = 4!"+ Then

uwt(y) < (A™); 1Ry, (A7) 15 < (A7), 7(A' Dy .
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So, there is a path, with weight in ./, that meets I, I, J. Since K is
irreducible and 4 is F-adapted, this implies that there is a cycle with weight
in .# that meets state / and the component K. Thus, 7 € S(4x). O

A consequence of (3.4) is that for an automorphism ¢ the induced permu-
tation on boundary components is completely determined by any SE (R, S)
induced by ¢ . The following shows more: the induced permutation is really
determined only by R.

(3.10) Theorem. The permutations induced by an automorphism ¢ on
(1) the cyclically moving subsets and
(2) the boundary components
are completely determined by T1(p) (where I1 is the dimension representation).

Proof. (1) Use (3.8) and the fact that the map from automorphisms of X, to
the group of permutations of the cyclically moving subsets is a homomorphism.

(2) Use (3.9) and the fact that the dimension representation is a homomor-
phism. O

4. SWITCHING CYCLES

In this section, we ask when two cycles y, n € € can be switched by an
automorphism. In the SFT case, Boyle, Lind and Rudolph [BLR, Theorem
7.2] showed that one can always switch cycles, in different orbits, of the same
least period = length provided that the cycles are sufficiently long. In the
Markov chain setting, there is another necessary condition: the cycles must
have the same wps. And, from §3, we have a significant necessary condition
involving boundary components. In particular, in example (3.2), the two cycles
of length 1 and weight 1 cannot be switched because their boundary components
(which in this case happens to coincide with the cycles themselves) cannot be
switched. Here, with these additional conditions, we extend the [BLR] result to
the Markov chain setting.

Recent work of Kim and Roush [KR] indicated that there probably are some
obstructions to switching cycles of “short” length in the SFT setting. Jack Wag-
oner now has an explicit example. See [KRW].

By an involution we mean an automorphism that is also an involution, as a
map.

(4.1) Lemma.
(1) Let y, n € & with
[(y)=1(n), wps(y)=wps(n),
¥, n are in distinct orbits,

and

t(c'y) = t(a'n) for some i.
Then, y and n can be switched by an inert involution that fixes all cycles o € €
with I(a) <I(y) and o not in the orbit of y or 7.

(2) Let y, ¥, n €€ be cycles such that both pairs y, 7 and 7, n satisfy
the hypothesis of (1). Then there is a composition, ¢, of inert involutions such
that ¢(y) = n and that fixes all cycles a € € with l(a) < I(y) and a not in
the orbit of y, n, or 7.
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(3) Let y, 7, n € € be cycles such that all three pairs satisfy the hypothesis
of (1). Then there is a composition of inert involutions that switches y and n
and fixes all cycles a € € such that I(a) < [(y) and a not in the orbit of y or

n.

Note how the hypothesis and conclusion of (2) above are both weaker than
the hypothesis and conclusion of (3) above.

Proof. The proof is straightforward, given [BLR, Theorem 7.2]. We give the
ideas for completeness.

(1) We apply the frame code construction of [BLR, Theorem 7.2] and check
that it preserves the weights of cycles and therefore defines an automorphism,
in particular an involution, of X, . We briefly review this construction.

The idea is that y and 7 can be interchanged since they meet at the same
state in the same phase. For a precise description, first, it is shown in the proof
of [BLR, Theorem 7.2] that, by shifting y and # if necessary, we may assume
that yn € € i.e., the least period of yn is 2/, where / = [(y). Then the frame
code is the automorphism ¢ defined as follows: for x € X4 and i € Z, if
Xi_a/ - Xiz3—1 18 a concatenation of five copies of y and 7 (e.g., ynyyn),

then )
noifxi- Xy =7,

D) 9(X)iain = {

and otherwise ¢(x); = x;. In the proof of [BLR, Theorem 7.2], it is shown
that the frame code is well defined—roughly because yn € €. It also fixes
each of the desired cycles a. The frame code is clearly a conjugacy and is an
automorphism of the Markov chain X, (i.e., is measure-preserving) because y
and 7 have the same weight.

We claim that a frame code is a simple automorphism i.e., block isomorphic
to some c¢(I, A) and is therefore inert. The proof of this is a modification of
Boyle’s proof of inertness in the topological setting [B, Appendix]; we outline
this in Appendix B.

(2) Apply (1) to the pairs y, ¥ and 7, 5 to obtain involutions ¢;, ¢;.
Then, ¢, o ¢, is the desired automorphism.

(3) Again, apply (1) to the pairs y, 7 and 7, 75.to obtain involutions ¢,
@, . Then, @, o 9, 0 ¢, is the desired automorphism. 0O

y ifxixip_1 =1,

The following is an analogue of [BLR, Theorem 7.2] for Markov chains.

(4.2) Theorem. For each w € WPS,, there exists Ny, € N such that if y, n
are cycles satisfying
M) {(y)=1n) > Ny .

) 7, ne%,.

(II1) Either y, n are in distinct orbits or n=ac'"/2(y) or n=1y.

(IV) K, and K, can be switched by an automorphism ¢ such that i(p(y)),
i(n) (respectively, i(9(n)), i(y)) lie in the same cyclic subset of K, (respectively,
K,).

Then y and n can be switched by an automorphism.

Moreover, N,, is uniform over any closed subset of int WPS 4.

The conditions are necessary except for the largeness requirement on [(y) =

[(n).
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Remark. While condition (IV) is hard to check (the hard part is checking that
K,, K, can be switched), it is vacuous if wps(y) = wps(n) € int WPS, or if
each Ap is mixing (e.g., if A is Bernoulli). Also, if we require the automor-
phism that switches y, 5 to be inert, then by (3.8) and (3.9), we must have
K, =K, and i(y), i(n) must be in the same cyclic subset. Under this assump-
tion, and the assumption that y, 5 are in distinct orbits, the automorphism
produced by (4.2) is indeed inert—see (4.3) below.

Proof of (4.2). The necessity is clear. We first prove a stronger version of suffi-
ciency in a special case:

(4.3) Lemma. For w € WPS,, there exists N, € N such that if y, n are
cycles satisfying 1, 11 above and

(II1") y, n are in distinct orbits,
(IV') K, =K, and i(y), i(n) are in the same cyclic subset,

then y, n can be switched by a composition of inert involutions which fixes all
other cycles a € € with [(a) <I(y) and a not in the same orbit as y or 1.

Proof of (4.3). For each boundary component K, there is an integer L such
that for each pair of states I, J in the same cyclic subset of K, there is a path
of ; in K from I to J with length L.

Now, for w € WPS,, we can apply (1.1)(2) to each of the boundary com-
ponents K € S(w), paths a=af ;, W ={w}, and M =3;let

Ny = max Ny (of ;. {w}, 3)
1,7
Let y, n satisfy (I), (I), (II"), (IV'). Write y = e;---¢;,) and let I =
t(eiy)-L), J = t(n). Then, there is a cycle 7 € %, (Ak,) such that

[(7)=1(y)=1(n)

and 7 has suffix of ;. Since M =3 above, we may assume that 7 is not in
the orbit of y or n. Thus, we can apply (4.1)(3). This gives (4.3) O

Now back to the proof of (4.2).
Let 7, n satisfy (I), (II), (III), (IV).
If n =0d'"/2(y), then ¢ = ¢!®/2 will do. So, we may assume that y, 7

are in distinct orbits. If K, = K, then either i(y), i(n) are in the same cyclic

: . . (dq [2) . . .
subset of K, or dAKy is even and z(aAoA"V (7)), i(n) lie in the same cyclic

subset of K, = K,,. The former case was the special case in (4.3) above. For the

. . . . . (dag, /2)
latter case, again by (4.3), there is an automorphism which switches o AOAKV ()

. . . (day /2)
and 7. Now, compose this automorphism with g, ol

So, we may assume K, # K, . Let 9 be the aut((;morphism in IV. We claim
that there is an automorphism ¢; such that ¢,(9(n)) = y and ¢, fixes 9(y),
n . This comes from (4.3) if @(n) and y are in distinct orbits. If @(n) and y
are in the same orbit, then again, as in the proof of (4.3), we can find a cycle

v € C,ﬂ"’ such that /(¥) = [(y), 7 not in the orbit of y and 7 has af', as a

>

suffix where J = 1(9(n)) and I = t(e);,)-L), 7 = €€y . Now 4.1(2) gives
us our desired automorphism ¢, .
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Likewise, there is an automorphism ¢, such that ¢,(@(y)) = 1 and ¢, fixes
@(n), v. Now, set p=¢r09,09.

The uniformity of N,, follows from the uniformity in (1.1)(2). O
(4.4) Corollary.

(1) If £, is Bernoulli, then in (4.2), each N, can be chosen to be 1.

(2) If each Af is irreducible, then in (4.2) N, can be chosen uniform on
WPS, = WPS,.
Proof. (1) Since a Bernoulli shift has only one state, we can apply (4.1)(1)
immediately. For the proof of (2), we need

(4.5) Proposition.
(1) Let F be a face of WPS, . There is an open neighborhood (in WPS )
Br of F such that for all w € Br and all cycles y =e,---e,) € &, ,

#{i: t(er) € S(4F)} 5 1

1(7) 2
(2) Let F be a face such that Ar is irreducible. Let Wr be a closed subset
of intF. Let a be a path in G(Ar). There exists M = M(a, Wr) and an
open neighborhood (in WPS,) Wy of Wr such that for all w € W}

g(g‘W) n[M’ OO) :3(%10,0) n[Ma OO)

Moreover, for | € £ (%,)N[M, ), there are at least three cycles in %, , in
pairwise distinct orbits, with length equal to | .

Before we prove (4.5), we show how to prove (4.4)(2), given (4.5). We as-
sume, only for simplicity, that each 4r is mixing. Note that, in this case,
condition (IV) is vacuous. We may assume that condition (III) is replaced by
(II1"), i.e., y, n are in distinct orbits. We show inductively that for each posi-
tive m, there exists N,, and a neighborhood (in WPS,) U, of | (mefaces F) F
such that if y, n are cycles with /(y) = () > N, 7, n € %, w € U, and
¥, n are in distinct orbits, then y and # can be switched by an automorphism,
(the case m = dimension WPS; yields (4.4)(2)).

For each face F and states I, J in G, we can choose paths af 7 in Gg,
all of the same length L, with i(af ;) = I and t(af ;) = J. Now, assume
Nm, U, have been found as above, with m > —1. Let F be an (m + 1)-face.
Then, Wr = F — U, is a closed subset of int F. Apply (4.5)(2). Let

NF = max M(af ;, W).

If weBr and y=e,---¢y,, n=fi-- fyy are cycles such that /(y) = /(1)
and y, n € %,, then by (4.5)(1), for some i, t(e;)), t(fisr) € S(Af). If
also w € Wi, I(y) = I(n) > Nf, and y, n are in distinct orbits, then by
(4.5)(2), there is a cycle 7 =2, ---¢;5 € %,(A) with I(¥) = [(y) = I(n) such
that t(e;) = t(ei), t(€i+r) =t(fi+r) and 7, y, n in distinct orbits. Now apply
(4.1)(3) to switch y and 7n.

Let

N1 = max (N,,, max NF>.

> {(m+1)-faces F}
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Let

Unst = Un U ( U (Wg mBF)) ,

{(m+1)-faces F}

an open neighborhood of the union of all (m + 1)-faces. Then, Nyi1, Upny
satisfy the above.
So, it remains to prove (4.5). We need the following lemmas.

(4.6) Lemma. Let 1y, ..., N becycles such that w =3 ,(li/ 3, 1;) wps(n;) €
int WPS,, (where I; = 1(n;)). Then d(w) divides ), 1;.
Proof. We may assume A4 is a A-form. Clearly d4|};/;. And

(Z l,~> w = Zlogwt(ni) €logA,. O

(4.7) Lemma. Let y be a cycle and let F be a face such that y meets G(AF).
Then (y) is equivalent to a sequence S = (cy, ..., cn) of cycles such that for
some m:

(1) Forall 1 <i<m, ¢ issimpleand wps(c;) € F .

(2) For m<i<n, ¢; meets G(Ar) and the singleton (c;) is equivalent to
a sequence of simple cycles, each of whose wps does not belong to F .

Proof. (y) is equivalent to a sequence of simple cycles S = (s, ..., ).
Let Fp = {i € {1,...,k}:s liesin G(Afr)}. Let Sy = S(G(4f)). In-
ductively, define F; = {i € {1,...,k}:i ¢ U{;OIFI but s5; meets S;_;}.
Let Sj = Ujc r, {the states that s; meets}.

Since y is a cycle which meets G(Af), for some J, {F; : 0 < j < J}
partition {1, ..., k}. For each j > 2 and i € Fj, there exists i’ € F;_; such
that s; meets s; . Let ®(i) = i’ (note that i’ need not be unique, but for each
i, we just pick one such i’). For each i € F;, there is a cycle y() such that
the singleton (y\)) is equivalent to

(s¢ 1k e (YU () UD2(i)U---ud~U-1(j)).

Let m = |Fy|, n=|FpUF;|. Let ¥: {1, ..., n} - FyUF; be a bijection such
that ¥({1, ..., m}) = Fy. Define
Sw(i) > 1<i<m,
€= p(F@) m<i<n. 0O

Recall that (WPS,), inherits a metric, once it is identified with Q" . For a
set V,and 6 >0, we let

Bs(V)={x:d(x, F)<d}, Bs(V)={x:d(x,F)<d}.

(4.8) Lemma. Let F be a face of a rational polytope P. Let G be a closed
subset of P such that FNG = @. Then, Ye >0 36 = d(¢) > 0 such that if
x€F,yeBgF), zeG and x,y, z are collinear, then d(x,y) <e.

Proof. We may assume P is a real polytope by replacing it by its closure in
R”. We argue by contradiction. If (4.8) were false, then for some ¢ > 0,
there would exist x, € F, y, € B, m(F), zn € G, with X, Yn, zp collinear,
and d(x,, yn) > €. By compactness, there exist x € F, y € F, z € G such
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that x, y, z are collinear and d(x, y) > ¢. But any line which meets F and
contains a point in P — F can meet F in only one point. Thus, x =y, a
contradiction. O

Proof of (4.5). Let F be the (rational) convex hull of {wps(y) : y is a simple
cycle and wps(y) ¢ F}. Then, F is closed and disjoint from F. Now, any

cycle y is equivalent to a sequence S = (S;, ..., Sm, Smel, ..., Sn) of simple
cycles, with wps(s;) e F, i=1,...,m,and wps(s;) ¢ F,i=m+1,...,n.
Let

Z:':ll(si)

w =wps(y), =",

I(y)
=) ) i = 3 gy e €
Note that
w = twr + (1 — H)Wr
So, _
dw, wr) = (1 = t)d(wr, wr) > (1 —1)d(F, F),
and so
r> 1 4w, wr)
d(F,F)

So, if d(w, wr) < d(F, F)/2, then t > . Choose 6 = 5(d(F, F)/2), as in
(4.8), and let Br = B;(F).

For part (2), we may assume that G(Ar) does not consist entirely of a single
cycle. Let Wr be a closed of int F . Let

¢ < min (d(Wp, OF d(F, F)) .

2 ’ 3

Let 6 = min(e, d(¢)) where d(¢)is asin (4.8) appliedto G = F inthe polytope
WPS,. Let Wi = Bs(Wr), let a be a path in G(Af), let o” be a cycle in
G(AF), which meets every state of G(Ar) and satisfies t(a”) = i(a), and let
o =da.

Apply (1.1)(2) to get Ny, (o', By.(Wr) N F, 3) with the properties as in
(1.1)(2). Note that by the choice of ¢, W = B,.,(Wr)NF is a closed subset of
int F .

Our desired M(a, Wr) is

M = M(a, W) = max(6l(a’), 2N4, (o, By (Wr) N F, 3)).

We must show that for w € W}, if y € &, and /(y) > M, then there are
at least three cycles 7 € %, , in distinct orbits with /() = /(7). Note that
since Wi C Br (as constructed in part 1), y must meet G(4fr). So, we can
apply (4.7) to get (y) equivalent to a sequence (¢, ..., ¢,) of cycles such that
fori=1,..., m, ¢ issimpleand wps(c;) € F,and for i=m+1,...,n,
¢; meets G(Af) and (c;) 1s equivalent to a sequence of simple cycles, each of
whose wps belongs to F .
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Let
S ((2)
wr =Y —m—wps(c;)) € F,
i=1 ijll(cj)
Wr = Z —_— ei) wps(c;) € F.
i=m+1 Zj=m+ll(cj)
Note that
S i)
(7) w=twp+ (1 - g, t=sl

Case 1. w =wr
Then, w € Wy N F. And

() € Z(Bu(Ar)) N [Nag (@', Bo(Wr) N F, 3), 0).
Thus, by (1.1)(2), there are at least three cycles 7 € %, o (4Ar) C &y a(A4), in
distinct orbits, with [(7) = [(y).

Case 2. w # wr. N

Since wr € F, w € Bs(F) and wr € F and since, by (7), wr, w, Wr
are collinear, we get, by the choice of J and (4.8), d(wr, w) < &. Thus,
dwr, Wr)<ée+4d < 2¢e. So,

(8) wr € By (Wr)NF CintF.
Now, with ¢ as in (7) above,
e>dwr,w)= (1 -t)d(wg, wr) > (1-1t)3¢

(the latter inequality by the choice of ¢). Thus,

2
9) >3
So,

m 2 .
>_le) > 31(7) > Ny (o, Bu(Wr) N F, 3),
i=1

the latter by the choice of M . Also, by (8) above and (4.6), applied to Afr,

m
d4, (wr) divides > I(c;).

i=1
Thus, by (1.1), there are three cycles y’ € &, «(AF) in distinct orbits such
that [(y") = X, (c;). Fix one such y'. We may write y' = y”q’ =y"d"a.
Since o” meets each state of G(Af), after reordering c¢4; - -- ¢, if necessary,
we may decompose o’ = a1 - - @y such that ¢,y 1amyi ... chay is an allowed
cycle. Let

= "
Y =7 Cmt10m41 - CppQr.
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Then,
1P =10"+ > le)+ Y, low)+1(a)
i=m+1 i=m+1
=10+ S e =Y le)=1(y)
i=m+1 i=1
and

wi(7) = Wt(y”)( 11 wt(c,-)> ( I1 Wt(ai)) wt(a)
i=m+1

i=m+1

n n
= wi(y)- [ wie:) = [Twtlc:) = wi(p).
i=m+1 i=1
Clearly, 7 has a as a suffix. So, /(7) = /(y) and 7 € %, , provided that
y € €, i.e., y has least period /(y). Well, by (9),

(2t = DI() > 31(»)
By the choice of M (recall /(y) > M), %1()}) > 2[(a’). Thus,
(10) (2t — DI(y) > 2l(a)
Recalling that y' = y"«/,

") =1(y") =) = (ZKQ)) — (@) = t(y) - ()
i=1
This, together with (10), gives

1(7") > (1= 0l(y) + (') = ( > l(ci)) +1(a).

i=m+1

So, I(y") > %1(7). But if 7 has least period < /(7), then it has least period
< %1(7) and thus ¢, would appear in y”. But y” lies in G(4f) and ¢, does
not. Thus, 7 has least period = /(7). So, we have produced one of the desired
cycles in %, ,. We actually get three such cycles in distinct orbits since the
construction of 7 from distinct cycles 7’ yields three cycles 7 in distinct orbits
(for this, use the fact that the cycles ¢;, i = m+1...n, must allleave Gr). O

5. REALIZING PERMUTATIONS OF CYCLES BY COMPOSITIONS
OF INVOLUTIONS: BERNOULLI SHIFTS

In this section, we focus on Bernoulli shifts and, in this case, we give a
complete characterization of which permutations of finitely many cycles can
be realized by a composition of involutions. This generalizes a result of Boyle
and Krieger [BK, 3.10]. Ultimately there should be versions of this for general
Markov chains, that incorporates the ideas of §§3 and 4, but that will have to
wait until the theory of automorphisms of SFT’s is more fully developed.

The conditions are given in terms of the Sign Gyration Compatibility Condi-
tion (SGCC), first formulated by Boyle and Krieger [BK], and defined as follows.
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For n € N let #(n) be the set of all cycles y € & with /(y) =n. Let @(n)
be the set of g 4,-orbits of cycles y € € (n). Let Z be a shift-invariant collection
of cycles in & . Let & be the set of g,,-orbits of cycles y € Z . Let = be a
shift-commuting permutation of Z . Now, m must preserve length and so «
induces permutations 7|g(,)ny . Let pn(n) denote the induced permutation on
the o4,-orbits, @(n)N& . Let g,(n) denote the nth gyration number of = : for
each o4,-orbit 8 € &(n) N, pick precisely one representative y, € €(n)N#%
of 6 and define

ga(m)= D s(rp) modn
{6ec(n)ne}

where s(yy) is defined by

n(yg) = C’S(y”)yp,,(n)(a)

The Sign Gyration Compatibility Condition (SGCC) on 7 is the following:
whenever m is a nonnegative integer and ¢ is an odd positive integer, then

g 0 mod2™q if H;”:’ll sign pye(n) =1,
mg(T) =
! 2m-1g mod2™q if H;";llsignpzjq(n) =-1.

Note that the SGCC is preserved under composition.
Let &N = U & (n). We will show

(5.1) Theorem. Let X, be a Bernoulli shift and N € N. Let n be a per-
mutation of €N . Then, n is realized by a composition of involutions iff n is
shifti-commuting, weight-preserving and for each w € WPS, 7|gnng, satisfies
the SGCC.

This generalizes Boyle-Krieger [BK, 3.10]. Note that since " is finite, there
are only finitely many w € WPS, that occur.

For an automorphism ¢ of X, and w € WPS, there are well-defined bi-
jections ¢, : &, — %, obtained by restricting ¢ to %, .

(5.2) Lemma. Let ¢ be an involution of 4. For each w € WPS,, ¢y
satisfies the SGCC.

We defer the proof of this until the end.

Proof of (5.1). Only if: Let ¢ be a composition of involutions such that for
each y € &V ¢(y) = n(y). Then, clearly # must be shift-preserving and
weight-preserving. Apply (5.2).

If: Since n is weight-preserving, n(¥ N %,) = ¥ N &, for each w €
WPS, . Let 7, be the permutation of &V :

{ﬂ(}’) if y €%,

Tw(y) = i
w(?) y otherwise.

Then n, satisfies the SGCC.

One shows (exactly as in [BK, Lemma 3.7]), that any shift-commuting, weight-
preserving permutation 7 of #”*! such that 7|g. = identity and g,. (%) =0
can be realized by a composition of involutions. (The idea of the proof is to
write 7 as a product of special transpositions and then apply (4.1)(1)).
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Now, arguing as in [BK, Theorem 3.8], we show inductively that m,|g- can
be realized by a composition of involutions and thus 7, = 7|~ can be so re-
alized. Assume the inductive hypothesis. Let ¢, realize m,|z-, n < N. Since
my satisfies the SGCC, and ¢, satisfies the SGCC (by (5.2)), yo@;, |gn sat-
isfies the SGCC. Thus, since 7, 09; !|z. = identity, we get gn11(Tyop; ! %) =
0. So, by the remarks in the previous paragraph, % = 7, o ¢, !|g=1 can be re-
alized by a composition y, of involutions. Set ¢,.; = W, 0 @,. S0, Ty|gn
can be realized. So, n,, can be realized. Now, compose the n,, in any order.

It now remains to prove (5.2).

For the proof of (5.2), we need to recall the notion of zeta function. Let T
be a bijection of a set X suchthat N, = N =#{x € X : T"x = x} < 0o. The
zeta function of T is defined:

o]

{r(s) = exp (Z iv;l-s) . seR

n=1
For an SFT X, , it is well known (see Bowen and Lanford [BL]) that
_ 1
" det(I — sAy)

Clearly, the zeta function is invariant under conjugacy of bijections.
Let 4 be a stochastic form (i.e., A, is a stochastic matrix). Define the
stochastic zeta function, associated to a Markov chain X,

0 n
Ca(t, s) = exp (ZMS”) , t,seR.

Lo (S)

n
n=1

Parry and Williams [PW] noted that

1

Salts 8) = GeT =54
Note that we have suppressed the role of the shift. Clearly, the stochastic zeta
function is an invariant of block isomorphism. Also, {4 = {p iff for every
w € WPSy (g, ), = Loz -

The next result, from [BK, Lemma (3.3)], was stated with a stronger hypoth-
esis than what is actually used in their proof. The following is really what is
proved, and what we will use to prove (5.2).

(5.3) Lemma [BK, Lemma (3.3)]. Let T be a bijection of aset X with # N, <
oo for each n. Let ¢ be a T-commuting involution of the set X , such that for
each k >0

Cq)oTZk = CTZk .

Then ¢ satisfies the SGCC. (By an involution here we simply mean an involution
as a map.)

Their proof of (5.3) is obtained by an analysis of the restrictions, that the
zeta function hypothesis imposes, on the way that an involution can permute
cycles.
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Now, any power, X ., of a Bernoulli shift is again a Bernoulli shift. By
virtue of this and (5.3), we need only show that for any Bernoulli shift £, and
involution ¢,

Couolasgyw = Clasgw
for each w € WPS,.

For this purpose, it suffices to find a Markov chain defined by some B such
that

(11) ¢ =4
and
(12) C(O'Bo)w = C¢u1°(UA0)w

for each w € WPS,. (Here A and B are stochastic forms.) Xp will really
represent a Markov chain structure on “(Z4,, 9 0 04,, U4).”

We may assume that A4 is a stochastic form and that (by [BLR, 2.9]), ¢ isa
1-block map and therefore given by an involution of the set of edges of G(4),
although A need not be 1 x 1 now. Since the stochastic form is unique, we
have wt,(p(e)) = wty(e) for each edge e. We define B as follows: G(B) is
obtained from G(A4) by replacing each edge e, from state I to state J, by
and edge, f(e), from I to t(p(e)) and setting wtg(f(e)) = wty(e).

Note that B2 = A2 by virtue of the bijections:

Er;(4*) — Ey(B?), eex— fle)f(p(er)).
Thus, since A is mixing, so is B (all we really care about is that B is irre-
ducible). _
Now, define f:ZX, — Zg, by

, | it even,
Te0i = 10 24 00 = { A

Now, f satisfies
— —1
oy =fo(poou)of
and thus is a conjugacy of bijections (in fact a topological conjugacy) between
(Z,, 0B,) and (Z4,, ¢ 0 g,4,) . Also, since for each edge e € E(A)

wig(f(e)) = wiy(e) = wiy(p(e)),
/ induces a conjugacy between (%, (B), (08,)w) and (%y(A4), 0w © (G4,)w),
and thus
C(oBohw = Cpuolanghu-

So, we have established (12).
Now,
2 _7F 2 7l _ 7 2 7l
aBo_f°(¢°aAo) Of —fO(O'AO) Of

Since f carries the Markov measure defined by 4 to the Markov measure
defined by B, we get that Zg: and X, are block isomorphic. (In fact, B = 42
as shown above.) So, BZ and 42 have the same stochastic zeta function and
thus

det(] — A2s) = det(I — B?s), foralls,t€cR.
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Since the stochastic zeta function is invariant under block isomorphism and
since X, is Bernoulli, we may assume that 4 is 1 x 1, i.e., 4 € Z*[exp].
Thus, for each ¢, B? can have only one nonzero eigenvalue, namely A?. So,
B, can have only one nonzero eigenvalue for each ¢: f(¢)4,, f(t) € {1}. But
since B, is a nonnegative matrix, we get by the Perron-Frobenius Theorem that
f(t)y=1. So, {p =4 ie., (11). So, we have established (11) and (12), and
this completes the proof of (5.2). O

Finally, we remark that it is not sufficient to replace the SGCC condition at
each wps with SGCC conditions at each face. For example, in the Bernoulli
shift defined by

the permutation that fixes the cycles of lengths 1 and 2 and shifts forward one
cycle of length 3 and shifts backward the other cycle of length 3, satisfies the
SGCC on each face, but not on each wps.

APPENDIX A

The induced SE is well defined.

Proposition A [Wa2]. If (R, S) and (R', S’) are SE’s induced by the same ¢
with the same lag, then for some monomial u
R'=uR, S =u"'S.
Proof. Suppose that (R, S) and (R’,S’) are SE’s induced by the same ¢
with the same lag L; we may as well assume that L = 1; if not, replace 4
by AL. Then for some choice of identifications, ¢ = ¢(R,S) = ¢(R', S’).
Let (r(e), s(e)) implement the identifications for (R, S) and let (r'(e), s'(e))
implement the identifications for (R', S’).
Fix an edge e € E(A) and state J € S(A4). Let I =t(e). Define

F,;j={f€E(A):t(f)=J and (p(x))o = f for some x with xo = e}.

xy=e . e .
re,)
r(e) s(e) s(e))
——>f J

Y wi(f) = wis(s(e))Ru.
f€Fe 5
But since F, ; depends only on ¢ and not on the specific SE induced by
¢ , we also get

Then

> wi(f) = wisi(s'(e)) Ry,
feFe.l
So, wtg(s(e))Rry = wts:(s'(e))R}; .
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Thus Ry =0 iff R}; =0 and if R;; #0, then

Ry, _ wis(s(e))
Ri;  wisi(s'(e))’

Since the right-hand side of this equation is independent of J , for some mono-
mial u;
RII J / R 1J = Uuj.

Since this is true for all states / we get R’ = UR where U is a diagonal matrix
with monomial entries (namely, Uj; = uy).

Likewise, S’ = SV for some diagonal matrix ¥ with monomial entries.

It remains to show that U = V~! and U is a scalar matrix (i.e., some
monomial times the identity). We prove this as follows.

Let I,J, K € S(A). Then since (¢)~! € ¢(S, R),

SRk =) wi(e)

where the sum ranges over all edges e € E;x such that for some x € £, with
xo=e, i((p7"(x))o) = J .

Since the right-hand side of this equation depends only on ¢, and not on
the specific induced SE, we get

SiyRyk = S1yRx = S1yVysUssRyk.

Thus V;;U;; = 1 whenever S;yR;x # 0 for some I, K. Since A = RS is
irreducible, no row of R or column of S can be 0. Thus U = V1.
Also, for states I, J, K € S(4), since ¢ € ¢(R, S),

RisSik =) wi(e)

where the sum ranges over all edges e € E;x such that for some x € £, with
xo=e, i((¢(x))o) = J . Thus

RiySyk = Ry;S)x = Un RSy Vkk = U RSk (Ukk) ™"

Whenever A;x # 0, we get that R;;S;x # 0 for some J and thus U;; = Ugg .
Since A is irreducible, all of the diagonal entries of U coincide i.e., U is a
scalar matrix, as desired. 0O

APPENDIX B. FRAME CODES ARE INERT

We assume that the reader is familiar with higher order SFT’s and higher
order Markov measures. Recall that simple automorphism are inert.

Proposition B. Every frame code is simple i.e., block isomorphic to an automor-
phism c(I, A) for some A.

Proof. We modify the proof of the analogous result in the topological setting
[B, Appendix]. Recall the formulation of the frame code ¢ described in the
proof of (4.1). Introduce new (i.e., different from the edges of G(A4)) symbols
by---b;, b; where [ =I(y) = I(n). For each x € £, define m1(x) by replacing
? by b;---b,_1b; whenever y is the central block of 5 copies of y and 7,
and replacing n by b, ---b,_,b; whenever 7 is the central block of 5 copies
of y and n. The map =; is well-defined, commutes with the shift and is
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1-1. The =m,-image of X, is a higher order SFT A and the map x;, carries
the Markov measure on X, to a higher order Markov measure x on A. Let
n denote the order of this Markov measure. Now, construct a finite directed
graph as follows: define an equivalence relation on the blocks of length » which
appear in elements of A; say that u is equivalent to v if the conditional
probabilities p(alu) = p(a|v) for all symbols a (the conditional probabilities
are those determined by u). The states of the graph G are the equivalence
classes of these blocks; and for each equivalence class [u], ¥ = u;---u, and
each symbol a such that p(aju) > 0, define an edge e from [u] to [u;--- uya]
and define the weight of this edge to be p(aju). We write such an edge e =
e([u], a) . This defines a (stochastic) Z*[exp]-matrix B and there is a measure-
preserving shift-commuting map 7, : X3 — A defined by mapping each edge
e = e([u], a) to the symbol a. Now it is straightforward to check that 7, is 1-1
and that n = (n;)"lom,: X4 — Zp is a block isomorphism. And mogo(n)~! is
the automorphism which switches e([u], b;) and e([u], b;) whenever p(b;|u) >
0. Since [ua--- unb;] = U2 - - - unb;], this map belongs to ¢(I, B). So the frame
code ¢ is simple. O
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